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Given a 1-parameter family of l-forms 7(t) = 70 -I- i7i -I- ... -I- t^^n, consider the 
condition d'y(t) A 7(t) — (of integrability for the annihilated by y{t) distribution 
w{t)). We prove that in order that this condition is satisfied for any t it is sufficient 
that it is satisfied for A*' = n -I- 3 different values of t (the corresponding implication 
for A'' = 2n+l is obvious). In fact we give a stronger result dealing with distributions 
of higher codimension. This result is related to the so-called Veronese webs and can 
be applied in the theory of bihamiltonian structures. 



0. Introduction 

The notion of a Veronese web was introduced by I.M.Gelfand and I.S.Zakharevich j2j 
as a natural invariant of bihamiltonian structures of corank 1. They conjectured that 
locally this invariant is complete, i.e. determines the bihamiltonian structure up to an 
isomorphism. This conjecture was proved by F.J.Turiel 

Let us briefly recall relevant definitions. Assume that we have a 1-parameter family 
{w{t)}t^K?'^,w{t) C TM, of distributions of codimension 1 on a smooth manifold M 
such that in a neighbourhood of any point there exist an annihilating w{t) 1-form "f{t) £ 
r{w{t))-^ and a coframe {70, . . . ,7„} with the property 7(i) = 70 -I- ^71 -f • • • + t"7n 
(we assume that 7(00) = 7„ annihilates w{oo) and write 7^ for the space of sections of 
a vector bundle). We call this family of distributions a Veronese curve of distributions. 
We say that it is integrable or it is a Veronese web if each distribution w{t) is integrable, 

1. e. 

d7(t) A7(t) = 0,t e M (1) 
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and 

rf7(oo) A 7(00) = (2) 

(it can be shown that (|l|) (^). 

The equation (|l]) is polynomial of degree 2n in t, hence it is sufficient that it is satisfied 
for 2n+ 1 different values of t in order that it is satisfied for any t e M. In other words, 
integrability of w{t) at 2n + 1 different points implies integrability of a Veronese curve 
of distributions. 

It is remarkable that this number can be essentially reduced. I.Zakharevich con- 
jectured that the integrability of w{t) at 71 + 3 different points implies the integrability 
of the Veronese curve of distributions. 

The aim of this paper is to prove this result in a more general setting. We give it for 
generalized Veronese curves of distributions. The precise definition is given in Section 1. 
Here we shall only mention that integrable generalized Veronese curves of distributions 
coincide with a particular case of the so called Kronecker webs introduced in 1^ . The last 
notion serves as an invariant of bihaniiltonian structures of higher corank in the same 
manner as the notion of a Veronese web does this for bihamiltonian structures of corank 
1 (see also 0, g). 

One of possible applications of our result is that it allows to generalize theory of 
nonlinear wave equations |^ to higher dimensional and codimensional cases. Also it 
may help to establish new relations between Veronese webs and classical webs. In Q 
such relations are studied in the case n — 1. 

Briefly, our method can be described as follows. Given n + 3 foliations corresponding 
to the integrable points of the curve of distributuins we construct locally a curve 

of foliations w{t) in a larger space such that w{t) projects onto w(t), so proving the 
integrability of w{t). Our proof works only in the real- analytic category, since it uses 
the complexifications of the objects. This, of course, is one of the disadvantages of the 
method. 

The author wishes to thank Ilya Zakharevich for helpful discussions. 
All objects in this paper are from C"^-category. 

1. Basic definitions 

Definition 1 Let M'^^''^"'^-' be a manifold of dimension m = k{n+l) and let {i(;(f)}tgKpi, 
w{t) C TM , be a family of distributions of codimension k (as subbundles they have rank 
kn). Assume that in a neighbourhood of any point there exist k independent annihilat- 
ing w{t) 1-forms j^{t),...,j''{t) e r{w{t))^ and a coframe {7^, . . . , 7^, 7^, . . . , 7^, . . . , 

7o, . . . ,7^} such that Y{t) = 7o + + 1- ^'^In^i G 1, k. Then we call {w(i)}teRpi a 

generalized Veronese curve of distributions. 

Definition 2 A generalized Veronese curve of distributions {w{t)}t^^f.i is called inte- 
grable or a generalized Veronese web if each distribution w(t) is integrable, i.e. 



df{t) = Y^PHt) ^^'{t),l ei,k 

s 
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for some depending on t 1-forms Pl(t),i,s G (we put 7*(oo) := Jn,i G ^,k). The 
corresponding foliations will be denoted by yV{t). 

Remark 1 It can be proved that if equations (||) are satisfied for each t e R, then w{oo) 
is automaticaUy integrable. 

Remark 2 In case k = 1 one gets the standard definition of a Veronese web. For fc > 1 
we obtain a particular case of Kronecker webs (|^) with Kronecker blocks of equal dimen- 
sion. In ||] the terminology "generalized Veronese webs" was used for slightly different 
objects, namely for Kronecker webs without Kronecker blocks of equal dimension. 

Remark 3 If {w{t)}t^]^pi is a generalized Veronese web and ai, . . . , a; G MP^,Z ^ m, 
are different, then {W(ai), . . . W(a;)} is a "classical" Z-web of codimension k (see [^), 

1. e. the foliations W(ai), . . . W(a;) are in general position. 

2. Main theorem 

Lemma Let AI be a complex manifold, J : TM —^ TM be the complex structure oper- 
ator on the real tangent bundle TM . Assume that F C TM is an integrable distribution 
such that the distribution JF C TM is also integrable. Then the distribution {ld-\-tJ)F 
is integrable for any i G M. 

Proof Let {wi, . . . , fs} be a local system of generating F vector fields. Then 



for some functions , (3\^ . The following calculations use the integrability condition for 
the complex structure 




J[vi,Vj] - J[Jdj, Jvj\ = [Jvi.Vj] + [vi, Jvj] 



and complete the proof: 



[Vi + tJVi , Vj + tJVj 



[Vi,Vj\ + t^[JVi, JVj] + t{[Vi, JVj] + [JVi,Vj]) = 
[Vi,Vj] +t^[JVi,JVj] +t{J[Vi,Vj\ - J[JVi,JVj\) -■ 
[vi, Vj] + tJ[vi, Vj] + t{ — J[JVi, JVj] + t[JVi, JVj]) 

{l<l+tJ)[v,,Vj] + t{ld+tJ){-J[Jv^, Jvj]) = 
^ {vi + tJvi) + t (3\^ (vi + tJvi) = 



Y,{a\j+tl3\^){vi+tJvi). 
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Notations Given a real- analytic manifold Af, let M denote the germ along M of a 
complexification of M, i.e. a complex-analytic manifold Z such that M is embedded in 
Z a.s a. completely real submanifold. The germ M"' is defined uniquely up to (a germ of) 
a biholomorphic map (see 0). If is a real- analytic function on M, ip'^ will stand for 
the unique germ along M of a complex-analytic function on Af^ such that <p'^|m = 

Theorem 1 Let M^'^'^^^^ be a manifold of dimension m ~ k(n + 1) and let {u'(t)}4gRpi 
be an integrable generalized Veronese curve of distributions of codimension k on M. Then 
for any point x 6 M there exist a coordinate map {U,ip), M D U 9 x,ip = {ipi, . . . , fm) 
and a germ along U of an integrable distribution F C TU^ (T stands for the real tangent 
bundle ) such that for any t S : 

(1) the distribution {l(i+tJ)F C TU'^ is integrable (we assume that the value t = oo 
corresponds to JF); 

(2) Y&n\i{{ld+tJ)F) = kn = rankw(t); 

(3) the distribution (ld+tJ)F is projectable on U along the germ of the foliation y = 
{Reifil — const, . . . Keip"^^ ~ const}; 

(4) the projection of (Id —tJ)F coincides with w{t)\ij. 

Proof Let oi, . . . , a„+i e M be different nonzero numbers. Then the foliations yV(ai), . . . , 
VV(a„+i) are in general position and for any point one can find a neighbourhood U and 
functions 



V{n+1) + 1 






= ^l+l 


((5(fc_l)(„+l) + l 




■ • , Vm 





on U such that W(aj) = {ipj = const, • ■ ■ , "0^ — const}, j e 1, n -I- 1. 

We define a new family of distributions F{t) C TU^^^t G KP^, of codimension k by 

r{F{t))^ = ((Id -tr)7T*^\t), . . . , (Id -a*)^*7'(0)- 

Here (•) stands for the linear span, 

J* .rp*jjC_^ rj.*uC ^Yie adjoint operator to the 
complex structure J : TC/^ TU^, tt : U is the projection along the foliation y 

defined in (3), and -f^ (t) , . . . , j'' (t) are the annihilating w{t) 1-forms (see Definition |l|). 
Now, let us define the distribution F as 

F= f] Fit) 

teRpi 

or 

FF-^ = {{ld-tJ*)7r*-f\t),...,{ld~tJ*)7r*-/''{t)\t G MP^). 

Notice that the 1-forms 7r*7Q,7r*7} - J*tt*Jq, . . . ,7T*Yn - J*T^*7n-i, -J*T^*Yn corre- 
sponding to different powers of t in (Id — ^ J*)7r*7*(i), i G l,k, are linearly independent. 
Therefore the standard properties of the Veronese curve (of degree n + 2) imply that 

FF^ = ((Id -tJ*)7r*j\t), . . . , (Id ~tJ*)TT*-f\t)\t G {0, ai, . . . , a„+i}) 
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or 



F= n Fja^) 
jeo,n+i 

(here we put ao = 0). 

This allow us to prove the integrability of F by showing the intcgrability of F{ao), ■ • ■ , 
F{an+i). 

Evidently, 7^(0^) = P]sdVj.i S TTfc, j G l,n+ 1 for some functions Simi- 

larly, 7*(ao) = ^QgdipQ, i €l,k for some functions /3og, V'o- Thus 

k 

{ld-ajJ*)7r*Y{aj) = (Id-a, J*) ^Tr^/jj.dTrV; = 

fe 

^^*/3],((i(Re(V;|)^) +a,ci(ImV;|)^)) = 

s=l 

k 

^7r*/Ji,d(Re(^|)'= + aj(Im^|)'=),i e T7fc,i e 

and 

(Id-aoJ*)7r*7'(ao) =i^*-i\ao) = ^ 7r*/3J^d7r*V'o, « e TTfc 



(here we used the obvious facts that 7r*(/?j = Re(/?^,j S and that J*(i(Re<p^) = 

—dihinp'Tj)). Now it is easy to check the Frobenius integrability conditions using the 
nondegeneracy of the matrix ||/3js||j,s for any j S 0, n + 1. So the distributions F(aj) are 
indeed integrable. 

To prove (1) we choose another set of generators for FF-^ as follows 

FF^ = ((Id -tr)TT*^\t), . . . , (Id -a*)7r*7'(i)|t e {ai, . . . , a„+2}), 

where a„+2 := 00, and notice that 

rrF^ = ((J* + t Id)^*7i(t), . . . , (J* + t Id)7r*7'=(t)|i e {ai, . . . , a„+2}). 

Now the integrability for JF = {{J*y^ F^)^ = {J*F-^)-^ can be proved by the same 
considerations as for F and the integrability of {ld+tJ)F follows from Lemma. 

In order to prove (2) we mention that ranki^ — kn by the construction and that 
Id +tJ : TU^ — > TU^ is the isomorphism for any t G MP^ : the inverse operator is given 
by the formula 

(Id+U)-i = ^^(Id-a),i7^oo, 
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Now we are able to prove (3). We need to show that the distribution (Id —tJ)F+Ty c 
Tlf^ is integrable for any t G MP^. We fix t = S M, choose 60 = to,bi, . . . , bn+i to be 
different real numbers and calculate the annihilators: 

{{Id -to J)F + Ty)^ = {{id-toJ)F)^ n {ry)^, 

r{Ty)^ = (dRe93![,...,dRe^^), 

r{{id-toJ)F)^ = r{{id-torr'F^) = 
(Id +toJ*){{id -tr)Tr*-f\t), . . . , (Id -tru*jHt)\t G {60, . . . , bn+i}) = 

((l+t^)7rV(io),...,(l+i^KV(io), 
(1 + tobj)n*^\bj) + {to - bj)J*TT*'y\bj), 
(1 +to6,)7r*7'(&,) + {to - bi)rn*^\bi)\3 e Vm). 

It is easy to see that the collection of 1-forms 

{7r*7'(6j), J*7r*7'(fej)}i^i^fc,KKn+i 

is a coframe on hence the l-forms {to — bj)J*iT*Y{bj),'^ ^ i ^ k,l ^ j ^ n + 1, 
can't be linearly expressed by the l-forms dKeipi, . . . ,rfRe<^^ which are combinations 
of7r*7*(6j). So, finally, 

((Id -toJ)F + Ty)^ = (7r*7'(io), • • • , 77*7' (to)) 

and the distribution 

{Id-toJ)F + Ty = 7T*w{to) 
is integrable. In the same manner one can show that 

JF + Ty = n*w{oo). 

Simultaneously, the last two equations prove item (4). 

3. Application to integrability 

Theorem 2 Let M'^("+^^ be a manifold and let {■u;(t)}tgRpi be a generalized Veronese 
curve of distributions of codimension k on M. Then in order that {w(t)}(gRpi is a 
generalized Veronese web it is sufficient that it is integrable ai n + 3 different points 
ao,...,a„+2 G MPi. 

Proof A careful analysis of the proof of Theorem 1 shows that this proof uses only 
integrability of {w{t)} at 0, 00 and arbitrary different nonzero finite points ai, . . . , a„+i 
for the construction of the distribution F C TU'^ such that (Id +tJ)F is integrable for 
any t G RP'^ and is projectablc onto w{t). Thus it remains to map and 00 to ao and 
a„+2 respectively by an appropriate automorphism of MP^ . 



[Author and title] 



7 



REFERENCES 

F.Bruhat and H.Whitney. Quelques proprietes fondamentales des ensembles analitiques- 
reels. Comment. Math. Helv., 33:132-160, 1959. 

Israel Gelfand and Ilya Zakharevich. Webs, Veronese curves, and bihamiltonian systems. J. 
Funkt. Anal., 99:150-178, 1991. 

Vladislav V. Goldberg. Theory of multicodimensional {n + l)-webs. Kluwer Academic Pub- 
lishers, 1988. 

Isao Nakai. Curvature of curvilinear 4-webs and pencils of one-forms: Variation on a theorem 
of Poincre, Mayrhofer and Reidermeister. Comment. Math. Helv., 73:177-205, 1988. 

A. Panasyuk, Veronese webs for bihamiltonian structures of higher corank, Banach Center 
Publications 51:251-261, 2000. 

Francisco- Javier Turiel. c°° -equivalence entre tissus de Veronese et structures bihamiltoni- 
ennes. C.R.Acad.Sci.Paris, Series I, 328:891-894, 1999. 

Francisco- Javier Turiel. Tissus de Veronese analytiques de codimension superieure et struc- 
tures bihamiltoniennes. C.R.Acad.Sci.Paris, Series I, 331:61-64, 2000. 

Ilya Zakharevich. Nonlinear wave equat ion, nonlinear Rie mann problem, and the twistor 
transform of Veronese webs. Archived as math-ph/000060L 1. 

Ilya Zakharevich. Kronecker webs, bihamiltonian structures, and the method of argument 
translation. Transformation Groups, 6:267-300, 2001. 



